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This review highlights some of the lessons that the holographic gauge/gravity duality 
has taught us regarding the behavior of the shear viscosity to entropy density in strongly 
coupled field theories. The viscosity to entropy ratio has been shown to take on a very simple 
universal value in all gauge theories with an Einstein gravity dual. Here we describe the 
origin of this universal ratio, and focus on how it is modified by generic higher derivative 
corrections corresponding to curvature corrections on the gravity side of the duality. In 
particular, certain curvature corrections are known to push the viscosity to entropy ratio 
below its universal value. This disproves a longstanding conjecture that such a universal value 
represents a strict lower bound for any fiuid in nature. We discuss the main developments 
that have led to insight into the violation of this bound, and consider whether the consistency 
of the theory is responsible for setting a fundamental lower bound on the viscosity to entropy 
ratio. 
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I. INTRODUCTION 

The development of the AdS/CFT correspondence P-Q], or the gauge/gravity duaUty more 
broadly, has led to new insights into features of quantum gravity and black hole physics, but also 

- and perhaps more surprisingly - to a new paradigm for probing strongly coupled gauge theories. 
At the core of the AdS/CFT correspondence is a relation between string theory in certain curved 
backgrounds (asymptotic to anti-de Sitter space) and certain quantum field theories (conformal 
field theories) in one lower dimension - hence, the correspondence is holographic. Moreover, it 
is a strong/weak coupling duality - when the gauge coupling is large, the field theory is in a 
non-perturbative regime, whereas the string theory side can be approximated by its effective low- 
energy description, classical supergravity. Precisely because of this feature, the duality allows us 
to describe strongly interacting gauge theories in terms of weakly coupled gravitational systems. 

Although the original and best studied example of the AdS/CFT correspondence involves 
theories with a large amount of supersymmetry, the duality has been extended to a variety of 
other cases, and has taken on a life of its own. In addition to top-down studies of AdS/CFT, 
based on string/M-theory constructions, there have been a number of phenomenological bottom- 
up approaches, with applications ranging from QCD-like theories to condensed matter systems. 
In particular, the duality has proven to be a useful tool for probing thermal as well as hydrody- 
namic properties of field theories at strong coupling. The fact that it can be used to understand 
dynamics is especially valuable, given that there are very few theoretical tools available for doing 
so - while lattice methods work well for thermodynamic quantities, they are much less successful 
in describing real-time processes. 

Obtaining a 'microscopic' description of strongly correlated systems is extremely challeng- 
ing. However, one is typically interested in their macroscopic behavior - at large distances and 
long time scales - and in this regime, a system generically exhibits features which are universal 

- independent of the fine details of the underlying microscopic description. This explains the 
importance, within the AdS/CFT program, of identifying quantities which exibit universal be- 
havior, as they will allow us to gain intuition about real systems that lie in the same universality 
class. 
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A. The quark gluon plasma and the shear viscosity to entropy ratio 

A quantity which has played a prominent role in AdS/CFT applications to the realm of 
strongly coupled thermal gauge theories is the ratio of shear viscosity r] to entropy density s. 
The interest in this ratio was sparked by the fact that it was shown to take on a very simple 
value 



m 

77 h 



s Airkf 



(1) 



in all gauge theories with Einstein gravity duals, and is therefore universal in the sense discussed 
above. Furthermore, elliptic flow measurements from the relativistic heavy ion collider (RHIC) 
indicate that this ratio is also unusually small for the strongly coupled QCD quark gluon plasma 
and even appears to yield roughly r]/s ~ l/47r (a recent estimate [6[| for the viscosity to entropy 
ratio yields ^ < 2.5^). We refer t 



le^ader to [3, S] for some early references on the RHIC 



results and the range of 77/5, and to 9l4lll| for more recent ones including discussions of the first 
LHC results. 

The universality of the simple result^ tj/s = I/Att and its order-of- magnitude agreement with 
the RHIC data have driven a large effort to apply holographic methods to the calculation of 



various transport coefficients of the QCD guark gluon plasma (see for a recent review, and 
[1^ for a discussion focusing on the shear viscosity). The gauge theories which are most amenable 
to such holographic studies are somewhat exotic compared to QCD. However, for temperatures 
that are not too much above that of the deconfinement transition, the quark gluon plasma shares 
many of the properties of the strongly coupled = 4 SYM plasma. As long as one is not too 
close to the deconfinement transition - where the bulk viscosity, which signals deviation from 
conformality, is expected to be large - the plasma is nearly conformal. Moreover, it is strongly 
coupled, as reflected in the very small ratio of shear viscosity to entropy density, indicating that 
the quark gluon plasma behaves as a nearly ideal fluid [l^ . This is in sharp contrast with weak 
coupling calculations in thermal field theory, which predict a very large ratio: 

V 1 



s A4log(l/A2) 



»1. (2) 



^ From now on, we will set h and ks equal to one. 
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Finally, some of the properties of the plasma may be universal - as is the case for rj/s - and 
therefore insensitive to the fine details of a particular construction. 

The universal result "^/s = 1/4tt holds in a remarkably wide class of theories and situations, 
e.g. with various gauge groups and matter content, with or without chemical potentials, with 
non-commutative spatial directions or in external background fields. It is also well understood 
that higher curvature corrections in the dual gravitational theory modify this ratio. In fact, 
it was shown that for certain theories such corrections produce even lower values of ry/s, thus 
disproving a longstanding conjecture ~ the celebrated KSS bound [l^,[l6| - that 1/4tt represented 
a strict lower bound for the viscosity of any fluid in nature: 

s 4tt ^ ^ 

The amount by which the bound is violated is controlled by the couplings of certain higher 
curvature corrections. On the gauge theory side of the duality, the corrections which have 
been shown to violate the KSS bound correspond to finite effects which, in turn, can be 
parametrized in terms of the central charges of the conformal field theory under consideration. 
On the other hand, the corrections which respect the bound correspond to finite A effects. Thus, 
while the KSS bound does not hold in general, it is satisfied in the limit of infinite number of 
colors, N ^ oo. Even though it is now clear that ([3]) is violated by corrections, the question 
of the existence of a possible (new) lower bound for rj/s is still open. Furthermore, independently 
of this issue, holographic calculations in the presence of higher curvature interactions are valuable 
for getting a better handle on the dependence of rj/s on the various physical parameters in the 
theory, as well as for broadening the universality class of conformal gauge theories under study. 

This review will highlight some of the lessons we have learned in the context of the 
gauge/gravity duality about the behavior of the shear viscosity to entropy ratio in strongly 
coupled field theories. In Section |TI] we introduce the notion of viscosity and review some of 
the properties of 7]/s in theories whose gravitational description is Einstein gravity. In Section 
mH after stating the KSS bound, we focus on the structure of the corrections to the leading 
rj/s = l/47r result in the presence of higher derivative (curvature) terms. We consider both 
top-down string theory constructions as well as more phenomenological bottom-up approaches, 
and show that the bound is violated generically by curvature-squared corrections to the leading 
supergravity approximation. Section IIVI discusses issues related to the consistency of the rela- 
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tivistic quantum field theory describing the plasma, in the presence of higher-derivative terms. 
In particular, it focuses on the question of whether microscopic constraints are generically re- 
sponsible for setting a lower bound on ry/s, and describes an example which suggests that this 
is not the case. Although the review attempts to touch on the main developments in the field, 
several topics will be omitted for the sake of brevity. 



II. THE UNIVERSALITY OF 
A. Viscosity preliminaries 

We start with a brief review of how the notion of viscosity arises in the context of finite 
temperature field theory. For a plasma slightly out of equilibrium, the stress-energy tensor 
in the local rest frame, in which the three-momentum density Toj vanishes, is given by the 
constitutive relation^ : 



Tij =pSij - r] ^diUj + djUi - ^dijdkUj^ - ( Sij d, 



'kUk ■ (4) 

Here Ui is the fluid velocity, p the pressure and r] and C denote, respectively, the shear and bulk 
viscosities. If the theory is conformal the stress-energy tensor is traceless, the energy density 
and pressure obey p = Tq = 3p and the bulk viscosity ~ being proportional to the trace of the 
stress tensor - vanishes by construction, C = 0- 

Among the various methods developed for computing the shear viscosity from supergravity 
[4 , Q, [1^ , the most straightforward one is based on the celebrated Kubo formula, which relates 
the transport coefficients of a slightly non-equilibrium system to real-time correlation functions, 
computed in an equilibrium thermal ensemble. For the shear viscosity, the relevant correlator is 
that of the shear component of the stress tensor, 

rj = lim [ dtdxe^^'ilT^yit, x),T,yiO, 0)]) , (5) 

which in turn can be expressed in terms of the retarded Green's function: 

r/ = - lim - Im {uj, 0) . (6) 



The hydrodynamic stress tensor is an expansion in powers of derivatives of the fluid velocity. Here we are 
stopping at linear order in derivatives. 
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The relation above holds for generic transport coefficients: 

X = — lini lim — ImG^(a;, k) . (7) 

The small frequency and zero momentum limits in ([7]) are nothing but a reflection of the fact that 
we are in the large-distance, long-time scale regime. In other words, the transport coefficients 
are just parameters in an effective low-energy description - such as hydrodynamics - and, once 
specified, determine the macroscopic behavior of the medium. 

In the gauge/gravity duality dictionary, the object with is dual to the field theory stress- 
energy tensor is the metric. Thus, on the gravity side of the correspondence, the shear viscosity 
can be computed by adding small (shear) metric fluctuations 4> = hy to the appropriate black 
brane metric. From the effective action for (j) one can then derive the retarded two-point function 
for the Txy component of the boundary CFT stress tensor, and read off r/ in the small k and cj 
limits. 



B. f = 37 Bind the graviton absorption cross-section 

Black brane solutions of type II supergravity and their near-horizon geometry are central 
elements of the AdS/CFT correspondence. In particular, the low-energy description on the 
world- volume of N D3-branes is that of A/" = 4 U{N) supersymmetric Yang- Mills (SYM) theory. 
When the number of Z)3-branes and the 't Hooft coupling are large, N ^ oo and A = gyj^.^N — t- 
oo respectively, the curvature of the brane geometry is small enough that classical supergravity 
becomes a good description of the system. In this regime, the appropriate geometry is that of 
AdS^ X S^, the near-horizon geometry of the stack of D-branes. Thus, we see the emergence 
of two different descriptions of the same physics - one in terms of a strongly coupled gauge 
theory living on the branes, and the other in terms of classical supergravity on an appropriate 
background. 

Working in the framework of the gauge theory /gravity correspondence, Policastro, Son and 
Starinets J] computed the ratio of shear viscosity to entropy density for the = 4 SU {N) 
SYM plasma, in the planar limit and for infinitely large 't Hooft coupling, finding: 

- = ^- (8) 

s 4tt 
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This remarkably elegant result is a consequence of the fact that the right-hand side of the 



Kubo formula (|5 
three-branes llSl . 



is proportional to the classical absorption cross section of gravitons by black 



19| 



More precisely, the absorption cross section o" of a graviton incident on a brane with energy 
uj, and polarized parallel to the brane (e.g. along the xy directions), is related to the field theory 
stress-tensor correlator via 

^2 r 

a = — dtdxe'''\[T^y{t,x),T,y{0,0)]) . (9) 
w J 

Here n = \/87rG, where G is the ten-dimensional gravitational constant. Comparison with ([5]) 
shows that in the low-frequency limit the cross section can be related directly to the shear 
viscosity: 

^ = i^(^ = o)- (10) 

The simple relation (j8]) follows in a straightforward way once we recall that the absorption cross 
section is equal to the black-brane horizon area^ 

a{0)=7r'rl, (11) 

which in turn is proportional to the entropy. Written in terms of the temperature of the system 
T = tq/tt and the number of D-branes = 27r^/^/«;, the shear viscosity becomes [4]: 

rj = In^T^ . (12) 
8 

The result ([8]) is immediately reproduced once we combine this expression with the well-known 
form of the entropy [20I 

s = —N'^T^ . (13) 



It was later argued in 



2ll | that ([8]) is in fact a universal result^ in all gauge theory plasma at 



infinite coupling holographically dual to classical, two-derivative (Einstein) gravity - regardless 



^ Here ro denotes the horizon radius, and we are setting the AdS radius equal to one. 

* An exception is the case of anisotropic fluids. A way to obtain deviation form this universahty by breaking the 



rotational symmetry spontaneously was shown in [22l . 123 
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of the matter content, the amount of supersymmetry and the presence of conformahty. More re- 
cently, dS]) has been shown to hold even for certain extremal black holes, i.e. at zero temperature 



24l |. Thus, for any theory describing Einstein gravity, £ = R — A — F'^ -\- . . ., one is guaranteed to 
find the result rj/s = l/4vr. Further generalizations and proofs of the shear viscosity universality 
theorem appeared in 



III. THE CONJECTURED SHEAR VISCOSITY BOUND AND HIGHER 

DERIVATIVE CORRECTIONS 

Remarkably, the holographic result ([8]) is in agreement with a simple quasi-particle picture 
of hydrodynamic transport. In fact, a naive dilute gas estimate gives a relation for the shear 
viscosity to entropy ratio in terms of the average particle momentum p and the mean free path 

-^^Pimfp, (14) 



which seems to suggest a quantum mechanical bound [30|] of the form 

->0(1)- (15) 

s 

This fact, along with the universality oi rj/s = l/47r in Einstein gravity and the observation that 
all known fluids seem to have larger viscosity to entropy density ratios^ , led Kovtun, Son and 
Starinets (KSS) to conjecture a bound for any fluid in nature [la . [3]: 

'->^- (16) 
s Att 

A. Higher derivative corrections to the shear viscosity bound 

A natural way to test the validity of the KSS conjecture is to ask how the viscosity to 
entropy ratio is affected by the presence of higher derivative corrections. On the gravity side of 
the correspondence, these are curvature corrections of the schematic form^ 

C = R-A-F^ + a'R^ + a'^R^ + a'^R'^ + ... (17) 
^ This includes superfluid helium, for which r;/s ~ 8 as well as trapped ^Li at strong coupling [sil. Is^. 



6 



Here R" denotes schematically all contractions involving n Riemann tensors. 
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while on the gauge theory side they correspond to finite A and finite effects. Although higher 
derivatives theories lead generically to undesirable features (a modified graviton propagator, 
ill-posed Cauchy problem, no generalization of the Gibbons-Hawking boundary term), such 
pathologies are only problematic at the Planck scale, and are therefore absent if the couplings 
of the higher derivative terms are perturbative^, as is the case in string theory reductions. In 
fact, incorporating curvature corrections is natural from an effective field theory point of view 
- after all, supergravity is just the low-energy description of string theory. Corrections are also 
of interest from a "phenomenological" point of view, as they may bring observable quantities 
closer to their measured values. For instance, this is particularly valuable for applications to the 
realm of the QCD quark gluon plasma, for which the value of r//s is still not known precisely, 
and seems to differ slightly from l/47r, as discussed in Section [H 

The first test confirming the KSS bound came from considering = 4 SYM at large - 
but finite - 't Hooft coupling {34]. For further analysis and generalizations we refer the reader 
351440(1 . In Type IIB supergravity on AdS^ x S^, the gravitational theory dual to A/" = 4 



to 



SYM theory, the leading corrections coming from string theory are quartic in the curvature, 
schematically of the form ~ a'^ i?^. Since in the AdS/CFT dictionary a' corrections to classical 
general relativity map to 't Hooft coupling corrections to the field theory. 



a 



(18) 



the terms quartic in the curvature yield 



s 



1 r 

47r 



34, |4l|] finite coupling corrections to rj/s : 
l + 15C(3)A-3/2 



(19) 



Thus, finite A corrections increase the shear viscosity to entropy ratio in the direction consistent 
with the bound. The effects of higher derivative terms involving five-form fiux - in the context 
of finite A corrections to the leading supergravity approximation - were considered for the first 
time in [37]. 



A phenomenological counterexample to the KSS bound was constructed in 



42t | , where it was 



shown that (jl6p could be violated by increasing the number of species in the fluid while keeping 



^ For a generalization of the Gibbons-Hawking boundary term in theories with generic curvature-squared correc- 
tions, in the presence of R-charge, see [33l ]. 
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the dynamics essentially independent of the species type. Unfortunately, this 



does not have a well-defined relativistic quantum field theory completion 



the bound was also observed by |45| in effective theories of higher derivative gravity. More 



n 



_2articular example 



431 ]. A violation of 



precisely, 4J] considered a special combination of curvature-squared corrections, packaged in 
the well-known Gauss-Bonnet term, 
1 



S 



-g 



pupX 



and found a contribution to the shear viscosity to entropy ratio of the form 

^ [1-AXgb] , 



(20) 



(21) 



s Att 

implying violation of the bound for positive. However, one should keep in mind that the 
main question was whether the bound was satisfied in quantum field theories that allowed for a 
consistent ultraviolet completion. 
In 



46l | Kats and Petrov put forth the first consistent example of a relativistic quantum field 
theory which violates the KSS viscosity bound — the four-dimensional M = 2 Sp (N) supercon- 
formal gauge theory plasma coupled to four hypermultiplets in the fundamental representation 
and one hypermultiplet in the antisymmetric representation. The gravitational theory dual to 
this setup is Type IIB string theory on AdS^ x which can be viewed as the decoupling 

limit of N D3-branes overlapping with a collection of D7-branes and an orientifold 7-plane. 
Unlike for AdS^ x S"^, in this theory curvature corrections start at quadratic order. While the 
analysis of [46] was done in D spacetime dimensions, here we review only the five-dimensional 
case. For generic curvature-squared corrections of the form 



S = j d^xy/^ [r-2K + aiR^ + a2Rf,uR'"' + asR^^pxR'"'""^^ , 



the viscosity to entropy ratio takes the form 



46| 



s 



1 

47r L 



i-Bg: 



(22) 



(23) 



where L is the AdS radius, which obeys — 2KL? = 12. Thus, the shear viscosity bound is violated 



for as > 0. In the set-up of 



46l | the as term can be seen to come from the effective action on 



The fact that the result (|23|l is independent of the ai and 012 terms is expected, since the B? and R^^R^'^ terms 
can be ehminated through a field redefinition. 
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the worldvolume of the Z?7-branes/07-plane system. It is fixed in terms of the matter content 
of the dual CFT - more precisely, it can be related to the central charges of the dual CFT, via 
the holographic Weyl anomaly. 



B. The holographic Weyl anomaly 

In fact, the couplings of the curvature corrections ~ ii^ - which are geometric data - can 
be related to the central charges of the dual CFT by making use of the trace anomaly. For a 
four-dimensional field theory in a curved background, the Weyl anomaly may be parametrized 
by two coefficients, a and c, the central charges, 

(T%) CFT = {Weylf - (Euler) , (24) 

where the four-dimensional Euler density and the square of the Weyl curvature are: 

Euler = Rl,^^ - 4RI, + , (Weyl)^ = rI^^^ - 2R% + ^R^ . (25) 



At the two-derivative level, the holographic computation of the = 4 SYM Weyl anomaly gives 
a = c = [4^. Combining this with the standard AdS/CFT dictionary iV^ = txL^ j^G^ 



allows us to write 



(26) 



8G5' 

which has the advantage of being completely general, independent of the particular gauge theory 
dual. 

There is by now a well-known prescription for obtaining the holographic Weyl anomaly for 
higher derivative gravity, which was worked out in [4^, [2] ) and later extended in jsoj] for general 
curvature squared terms. The result is that, for an action of the form 



e-^£ = (i? + 125' + aR^ + jiRl, + ^R^^, + • • • ) , (27) 
the holographic Weyl anomaly may be written as 



IT^ \ - 



24 3 3 3/ Vs 2/'"'^ 2 ^""P" 



(28) 
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where L is related to g (to linear order) by 



L 



6L2 



(20a + 4/3 + 27) 



(29) 



Comparison of (p4j) with (j28|) then gives the curvature-squared correction to (j26j) : 



8G5 
8G5 



1 _ (10a + 2/3 + 7) 
1_ -l(10a + 2/3-7) 



(30) 



These are the key relations in connecting the couplings of the four-derivative terms in the 
Lagrangian - which are geometrical quantities - to gauge theory data. Note in particular that 
the combination 



L2 



is sensitive to the presence of the R^^up^ term in the action. 



(31) 



Finite A vs. finite iV effects 



We can now reintergret the results of 



dual CFT. The model 



341 ] and 4611 in terms of the central charges of the 



3j], along with generalizations [38|, |4l|], describes a superconformal gauge 



theory plasma — a consistent relativistic quantum field theory — with the same anomaly coeffi- 
cients (central charges) c = a in the trace of the stress-energy tensor. The absence of curvature- 
squared corrections in the AdS^ x theory can be explained from the equality between the 
central charges in = 4 SYM: if a = c exactly, (j3ip ensures that there will be no R^^p^^ term 
in the action. This feature is a refiection of the large amount of supersymmetry in the theory. 

The construction of [46I has a lower amount of supersymmetry, allowing for the presence 
of curvature-squared terms in the action. The Q3 coupling is then related to the dual central 
charges in the following way: 

1 c — a 



as 



(32) 



16 c 

The matter content of the conformal field theory studied in [46:] forces the central charges to be 



a = — (12A^2 + 12iV - 1) , c = — (12A^2 _^ 18A^ - 2) 



(33) 
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Combining (|23p and (j32p makes manifest the violation of the bound 



r] 1 
s An 



2N 



+ (34) 



showing explicitly that, unlike 



34|, these corrections correspond to finite effects. 
What we have seen is that the violation of the KSS bound can be traced back to the inequality 
of the central charges of the dual CFT, assuming that c — a > 0. The latter condition was shown 
to be generic in superconformal field theories with unequal central charges in |51|], where a large 
class of examples of CFTs violating the bound were considered. Also, for holographic models of 
RG flow and versions of the c-theorem in the context of higher curvature gravity we refer the 
reader to 



3-54]. 



D. The role of finite chemical potential 

There has also been significant interest in exploring how a non-vanishing chemical potential 
/i affects the hydrodynamics of strongly coupled gauge theories. In the gauge/gravity duality 
context, the chemical potential that is turned on is typically due to the presence of R-charge, 
and is not the same as the more physically relevant chemical potential related to non-zero baryon 
number density. Nonetheless, from a phenomenological viewpoint it is useful to be able to tune 
the R-charged chemical potential fi to mimic the effect of baryonic chemical potential, and ideally 
come closer to matching observations. However, a caveat for applications to the quark gluon 
plasma is that the baryonic chemical potential fiB relevant for RHIC is small, Hb/T < 0.15, 
rendering the potential effects of a chemical potential rather limited. 

In theories with an Einstein gravity dual, the chemical potential doesn't affect r]/s 



55- 



581 ] ■ as expected from universality arguments, even though the viscosity and entropy density 
independently depend rather non-trivially on fi. Thus, any modification to r//s in the presence 
of chemical potential can only come from higher derivative interactions in the gravitational 
theory. In particular, it is interesting to determine whether the violation of the KSS bound gets 
larger or smaller as a function of chemical potential; in fact, a large enough chemical potential 
could in principle lead to a restoration of the bound. 

The effects of curvature-squared corrections on rj/s at finite (R-charged) chemical potential 



were explored in 



59|, 



60|. Motivated by the question of whether string theory would place 
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interesting restrictions on the form of ry/s, the focus of 60| was on supersymmetric higher 
derivative terms, whose structure is highly constrained^. The authors of [59] considered the 
most general set of four-derivative corrections to gravity in five dimensions, coupled to a U{1) 
gauge field with charge ~ q and a negative cosmological constant: 



1 



WttGn 



In this case, the shear viscosity to entropy ratio takes the form: 



s 



l-8ci+4(ci+6c2)- 



(35) 



(36) 



where rg denotes the horizon radius, and the chemical potential is /i oc g/rQ. 

On the other hand, [60] worked in the framework of five-dimensional N = 2 gauged su- 
pergravity, the gravitational theory dual to A/" = 1 SYM. In that theory the four-derivative 
corrections to the leading order action include a mixed gauge-gravitational Chern-Simons term 
^4 ATr (RAR), whose supersymmetric completion^'^ was obtained in [63 



. Thus, while in (I35D the 

n 

couplings Cj of the four-derivative terms are arbitrary, in the setup of [60] they are constrained 
(and related to each other) by super symmetry. 

The five-dimensional N = 2 gauged supergravity Lagrangian up to four-derivative order takes 
the form 



1 



d x^/—g 



167rGiv 



F^ 1 

R-2K- — + . 

4 12^/3 



^ A Fni/ Fpfj + 



16^/3 



\fj,vpa 



AxR 



(37) 



where we have only written out a few noteworthy terms^^, and the ellipses denote all the four- 
derivative terms related to C^^^^ and A ATr {R A R) by super symmetry. The shear viscosity to 



Four-derivative corrections in the presence of a chemical potential have been partially discussed in [6ll . l6a |. 
where and corrections were considered, respectively. The supersymmetric Lagrangian, however, has 
RF^ and V-FVF-type terms as well which were not previously considered. 
^° The authors of [63], using the superconformal formalism, derived the off-shell action for D — 5, Af — 2 gauged 
supergravity at the four-derivative level. Its on-shell generalization for the case of minimal supergravity was 
worked out in [gJ. 

Since the conventions adopted in [gJ are non-standard, and differ from those used in this review, we note them 
here. The metric in is taken to be mostly minus, the Riemann tensor is given by [V^, Vi^]v'^ — Rp^up v'' 



and the Ricci tensor by _R,, 
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entropy ratio then takes the simple form 



s 



1 

47r 



m ■ 

1-C2(1+Q) 



(38) 



where Q is essentially the R-charge of the solution. To leading order in C2, the charge Q is 
related to the chemical potential and the horizon radius ro via fi = ro\/3Q{l + Q). As shown 
in Section IIIIBl the geometric coupling C2 in ([37|) as well as the couplings ci , C2 in ([35]) , which 
control the strength of the derivative interactions, can be related to the central charges of the 
dual theory by using either the trace anomaly result (j31|) or the R-current anomaly. For M = 2 
gauged super gravity ([37|) one finds [64 1 



C2 



a 



a 



(39) 



allowing us to express the viscosity to entropy ratio in the following way: 

c — a , 



s 



1 

47r 



1 



-(1+Q) 



(40) 



Several interesting features can be seen from the results (I36p and (I40p . First of all, the bound 
violation, which occurs provided c — a > 0, is a finite effect, since it depends crucially on 
{c — a)/a. Secondly, since Q > 0, turning on ii-charge enhances the amount of violation - a large 
enough chemical potential will not restore the bound, but rather exacerbate it. Even though 
the bound is clearly violated, the violation is always small. In fact, taking into account the 
allowed range < Q < 2 for the charge, which can be extracted from the range of the chemical 
potential, it can be shown [gqI] that the deviation of r//s from its universal value is constrained 
to be small: 



1 



1 



ri 1 
< -!- < 



1 



(41) 



a / s An 

Another important point to notice is that the only terms that affect the shear viscosity to 
entropy ratio are those that have an explicit dependence on the Riemann tensor. Thus, the 
supersymmetric completion of the curvature-squared terms does not seem to play a role in the 
correction to rj/s (although supersymmetry does constrain the values of the central charges c 
and a of the dual CFT). The dependence of rj/s on terms containing the Riemann tensor only 
is reminiscent of Wald's entropy formula for black holes with higher derivatives. This similarily 
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has sparked attempts to obtain an expression for rj/s analogous to Wald's entropy formula 



(see 



65[ for an early, incomplete attempt), a,s well as work on extracting transport coefficients 



from effective horizon graviton couplings 



66 



671]. Moreover, while the dependence of r] and s 



individually on the i?-charge is quite complicated, the ratio r//s is remarkably simple, which 
seems suggestive of some (not yet understood) form of universality. 

Independently of the issue of the bound violation, allowing for a chemical potential has 
advantages from a phenomenological point of view. If one is interested in matching rj/s to that 
measured in realistic strongly coupled systems, turning on more parameters - such as a chemical 
potential - allows for additional tuning, which in turn might lead to better agreement with data. 
Finally, it is an interesting fundamental question whether violations of the bound can be related 
to any constraints on the dual gravitational side - or consistency requirements of the underlying 
string theory. For instance, as suggested in {4^, there might be a connection between the signs 
of the higher derivative couplings required to satisfy the weak gravity conjecture of [68l| and that 



violating the shear viscosity to entropy bound. This avenue was explored in 



33|, 



IV. CAUSALITY VIOLATION AND A LOWER BOUND FOR tj/s 

As was emphasized in the previous section, the violation of the KSS bound can be understood 
in terms of the inequality of the central charges of the conformal field theory, c ^ a. More 
precisely, the violation occurs when c — a > 0. Moreover, since c — a ^ N , this is a finite 
effect, and is not due to having a finite 't Hooft coupling. The inequality of the central charges 



translates into particular higher-derivative corrections to the supergravity approximation 
which, to ensure reliable computations, have to be regarded as being small. As a result, the 
KSS bound violation in holographic models realized in string theory is necessarily perturbative 
The work 



46( convincingly established that the original KSS bound (fT6|) could not be a 
quantitative formulation of a loose quantum- mechanical bound (llSp . Still, the question remained 
as to whether or not a bound of the type (jlSp existed^^. To probe how much r]/s can be lowered 
below its universal value l/47r, one needs access to a model where the couplings of the higher 



The systems we are describing, however, behave hke strongly coupled nearly ideal fluids, so the inapplicability 
of (I15|l should not be too surprising. 
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derivative terms are finite - perturbatively small couplings are not strong enough to suppress 
r//s significantly. Thus, we should emphasize that any finite violation of the KSS bound will 
necessarily entail working in a holographic model of the gauge/gravity correspondence, rather 
than in a particular string theory realization. 



A. The Gauss-Bonnet plasma and causality violation 



A useful model for probing these questions is that of Gauss-Bonnet gravity 



(42) 



As we already mentioned in Section IIIH the shear viscosity to entropy ratio in this model takes 
the form [44, Q: 



77 

s 



1 

An 



[1 - AXgb] ■ 



(43) 



Gauss-Bonnet gravity is a special case of the well-known Lovelock theories, which have the nice 
feature of being theories of two-derivatives in disguise. As a consequence, black-hole solutions 
to (|42|) are known for arbitrarily large values of the Gauss-Bonnet coupling (however, to ensure 



a vacuum AdS solution and a boundary CFT dual [4j] the coupling should satisfy Xgb < 1/4). 
A crucial observation is that, once Xgb is allowed to be large, ()43p seems to lead to an arbitrary 
violation of the KSS bound, even allowing for a vanishing viscosity to entropy ratio. Precisely 
because of this feature, the Gauss-Bonnet plasma is a natural playground to explore how low 
rj/ s can become. 

We should also note that, for Xgb ^ 1, the Gauss-Bonnet model p2|) is equivalent, up 



to field redefinitions, to the string theory example of Kats and Petrov 
Gauss-Bonnet coupling, the central charges read: 



461 ]. In terms of the 



AXgb + O [XIb] 



(44) 



Again, unlike the construction of 



46t |. the Gauss-Bonnet model (|42|) is consistent for arbitrary 



values of the coupling Acs < 1/4. As such, it defines via the AdS/CFT correspondence a dual 
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conformal gauge theory plasma, with effective central charges [7| 

(1 + - 4Agb)=^/' Vl - 4Agb , 



23/2 
7r2 l3 



23/2 



(1 + Vl - 4Agb)3/' 3V1-4Agb - 2 , (45) 



and hence 



^ 1 ) , (46) 



c VVl -4Agb 

which clearly matches (I44p when the coupling is perturbative. Here we see a parallel with the 
construction of [42]. One can identify a relativistic quantum field theory as a holographic dual 
to ()42p . with a shear viscosity to entropy density ratio given by ()43p . In turn, this leads to 
an arbitrary violation of the KSS bound given appropriate choices of the central charges of the 
theory. 

To fully understand the apparent arbitrary violation of the KSS bound, one must address the 
question of the consistency of the Gauss-Bonnet plasma as a relativistic quantum field theory. 



This was done in 



45 



Til ). It was found that once 



Agb>4. (47) 

the spectrum of excitations in the plasma contains modes that propagate faster than the speed 
of light [45:]. Likewise, for 

Agb < "4 ' (48) 
3d 



7l|]. Given (j47| and ([48]) one is 



the plasma also contains microcausality violating excitations 
led to conclude that consistency of the Gauss-Bonnet plasma as a relativistic QFT constrains 
its viscosity ratio to be-'^3 

16 . r? 16 , , , 

— < Att- < —. (49 
25-5-9 ^ ' 

Exactly the same constraint arises by requiring "positivity of energy" measured by a detector in 

the plasma [74]. Thus, the Gauss-Bonnet plasma is a concrete example in which a lower bound 

on r]/s and consistency of the theory are correlated. 



See l6l|,E2,Ei for further studies. 
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Additional studies exploring the connection between causality and positivity of energy bounds 
appeared in [7C 



751480(1 . Gauss-Bonnet gravity in AdSj was analyzed in [75l | , where it was found 



that 



> 



16 47r- 



Constraints arising from the second-order truncated theory of hydrodynamics 



were analyzed in 



761] . The case of quasi-topological gravity, a gravitational theory which includes 
curvature-cubed interactions, was considered in [70], where it was found that 2 > (0.41)^. The 
authors of explored Lovelock gravities in arbitrary spacetime dimensions. In particular. 



the results of 



80t | suggest that rj/s can be made arbitrarily small by considering a Lovelock 



theory of high enough order, which also implies increasing the number of spacetime dimensions. 



B. Transport properties vs. causality: IR vs UV 

The example of the Gauss-Bonnet plasma (and its generalizations discussed above) appears 
to suggest a link between the violation of a shear viscosity bound of the type (jlSp and the 
violation of microcausality/positivity of energy in the theory. However, one should keep in mind 
that the shear viscosity is one of the couplings of the effective hydrodynamic description of the 
theory at lowest momenta and frequency, i.e. for: 

IR: a;«;min(r,/Li,---), |fc| <C min(r, /i, • • •) • (50) 

Here • • • stand for any microscopic scales of the plasma other than the temperature and chemical 
potential(s) for the conserved charge(s). On the contrary, the microcausality of the theory is 
determined by the propagation of modes in exactly the opposite regime, i.e. for: 

UV : uj ^ max{T, n, ■ ■ ■) , max(T, /i, • • •) . (51) 

Thus, transport properties are determined by the IR features of the theory, while causality is 
determined by the propagation of UV modes ~ whose dynamics is not that of hydrodynamics. 

A direct link between the features of the theory governing its microcausality and its shear 
viscosity should only be possible if the same phase of the theory extends over the entire range of 
energy scales — from the infrared to the ultraviolet. In other words, there must not be any phase 
transitions in the plasma. This is certainly the case in the Gauss-Bonnet plasma ~ since the 
plasma is conformal, and temperature is the only available scale in the model, there can not be 
any phase transition in the theory as a function of temperature. The only free parameter of the 
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model is the Gauss-Bonnet coupling constant Xgb-, which determines both the shear viscosity 
ratio and its microcausality properties. This explains the origin of the link between the two, 
observed in {45! and in its generalizations. 

A holographic model which suggests that this link may not be generic was put forth in 
8l|, and involves a generalization of the Gauss-Bonnet plasma realized in a theory with a 
superfluid phase transition. The model is based on the construction of [82] describing a theory 
undergoing a second order phase transition below a critical temperature oc fi, associated with 
the spontaneous breaking of a global U{1) symmetry, and the generation of a condensate of an 
irrelevant operator Oc '■ 



= , T>Tc 
/O, T<Tc. 

The Lagrangian for the model constructed in {sil is described by 



(52) 



C = R- ^F^uF'^-' + ^ e^'^-^'^PFxf.F.^A, + L.calar + I^GB , 



(53) 



where 



^scalar 
C-GB 



12 + ^< 



(54) 
(55) 



and (j) is the scalar field dual to the CFT operator Oc- Thus, this model modifies the theory 
analyzed in [sj] by the addition of a (generalized) Gauss-Bonnet term. 

While at high temperatures T > Tc the background is that of an electrically charged AdS 
black hole, for T < Tc the black hole develops scalar hair. The model of [8l[ is engineered in 



such a way that the effective Gauss-Bonnet coupling - being proportional to the operator that 
condenses - is only non-zero in the symmetry-broken phase, so that: 



effective 



= 0, 



uv 

IR. 



(56) 



For T > Tc the gravitational theory is simply Einstein gravity, and therefore rj/s = X/Att. On 
the other hand in the symmetry-broken phase rj/s \s corrected by the effective Gauss-Bonnet 
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term^^. As the temperature is lowered and the coup 



44 



ine 



/3 is varied, r]/ s decreases well below 



451 ] and does not appear to have a lower 



the pure Gauss-Bonnet lower bound (j49|) found in 
bound^^. Furthermore, no superluminal causality- violating modes are detected, and the theory 
describing the plasma appears to be consistent^^. In the analysis the full back-reaction of the 
scalar field is taken into account. 

In this model, microcausality features ~ which are governed by the unbroken phase - are 
completely decoupled from the physics that determines the shear viscosity of the superfluid phase. 
Thus, the model 



8ll | appears to suggest that microscopic constraints, while important for the 
general consistency of the plasma as a relativistic field theory, are not necessarily responsible 
for setting the lower bound on rj/s. This is just a reflection of the fact that hydrodynamic 
transport of a system is determined by its infrared properties, which are not always connected 
to the microcausality of the theory. It appears, then, that the question of a bound on rj/s - 
suggested by a quasi-particle picture of the fluid - is still open, and moreover that the physics 
that would determine it, if such a bound exists, is still not understood. 



C. Radial flow vs. temperature flow 

An interesting property of the shear viscosity is that it behaves trivially under Wilsonian 
RG flow. In fact, rj is related to the momentum n(r) conjugate to the shear metric fluctuation 
(p = h% in the following way: 

1 n(r) 

r] = - lim - Im {u, 0) = lim . . (57) 

ui^O 00 r,u]^{i lljj<p(r) 

Schematically, the conjugate momentum can be extracted from the effective action for (p via: 

55(2) 



Note that in the superfluid phase, i.e. for T < Tc, for the case of /3 = one stiU finds [sJl rj/s — l/47r, as 
expected from universahty. 

One should keep in mind, however, that the temperatures probed in (sfj], although very low, do not reach T = 0. 
^® The analysis of [sfj] was performed entirely in the scalar channel, and instabilities could in principle come from 
other channels. However, it should be noted that the causality violation responsible for the lower bound in 
[13: SB] came precisely from scalar channel quasi-normal modes. 
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It can then be shown that the radial flow of 11 is trivial in the low-frequency (hydrodynamic) 
regime: 

drn = + 0{uj'^) . (59) 

Since in the gauge / gravity duality framework the radial coordinate of the geometry corresponds 
to the energy scale of the dual field theory, (j59p indicates a trivial RG flow for rj. 

The relation (j59p , which was originally established in the context of the membrane paradigm 



23], also holds in theories with curvature-squared corrections 59|, as has been verified explicitly 
in a number of calculations. Furthermore, (j59p makes the computation of r] particularly simple: 
the conjugate momentum can be computed at any radius. In particular, it can be evaluated at 
the horizon, making the computation of ij rather straightforward. Interestingly, although r]/s is 
a near-horizon quantity, its behavior is not entirely trivial. It is possible to have constructions 
in which the value of rj/s in the IR differs from that in the UV, with a non-trivial temperature 
flow connecting the two regimes. 

The superfluid model of jsi] is precisely an example of such a behavior. The value of the 
viscosity to entropy ratio above the superfluid transition, for T > Tc, is simply t]/s = 1/Att. 
However in the superfluid phase, for T < Tc, it is corrected by the presence of higher derivative 
interactions, and is no longer just \/Att. The precise value of r]/s in this phase depends on 
the temperature of the system: the viscosity to entropy ratio flows as a function of T/^u, from 
r]/s = I/Att for T ~ Tc to values signiflcantly lower than l/iir as one probes lower and lower 
temperatures, i.e. goes deeper in the IR. Thus, although tj/s does not flow in any Wilsonian 



sense, in the construction of [8]| the decoupling of the physics in the UV from that of the IR is 
reflected in the different behavior of ij/s in the two temperature ranges. This decoupling is also 

n 

reflected by the fact that the correction to 7]/s in the model of |81,] can no longer be expressed 
in terms of the central charges of the UV CFT. 

rn 

We expect that the type of "decoupling" observed in [81] should be seen in other setups, not 
necessarily involving phase transitions. For instance, a non-trivial scalar proflle (allowing for a 
dilatonic fleld), along with sufficiently different behavior of the gravitational background {e.g. 
different symmetries) in the IR vs. UV regions, should be enough to give rise to a temperature- 
flow for r]/s. In particular, this type of setup would likely force rj/s to take on one value 
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in the high-temperature theory, and a different one in the low-temperature theory, as in the 
construction of [81], but possibly without the need for a phase transition. 

It might be interesting to ask whether the type of flow described above can be understood 
more systematically in the framework of the recent attempts to refine notions of holographic 
RG flow 83-3l> 

especially in the constructions of [8J. 



86l |. This might lead to further insight 



not only into the structure of the shear viscosity, but also into the issue of the possible existence 
of a lower bound for r]/ s, whose physics is still not entirely understood. Independently of r//s. 



new valuable lessons might be learned by extending some of the analysis of 
of fully-hedged viscous hydrodynamics. 



83l486l| to the realm 
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